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The evolution of the universe is determined by its quantum state. The wave function of the 
universe obeys the constraints of general relativity and in particular the Wheeler-DeWitt equation. 
For non-zero A, we show that the complexified solutions of the Wheeler-DeWitt equation at large 
volume have two regions in which geometries are asymptotically real. In one the histories are 
Euclidean asymptotically anti-de Sitter, in the other they are Lorentzian asymptotically de Sitter. 
We illustrate this by an explicit calculation in a homogeneous, isotropic minisuperspace model with 
negative A and a scalar moving in a negative potential. It is shown that the wave function in this 
theory can predict an ensemble of inflationary universes that asymptote to de Sitter space. 
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Our large scale observations of the universe are of its 
classical behavior. The isotropic accelerated expansion 
and the large scale structure in the CMB and the galaxy 
distribution are just two examples. The laws that govern 
such features can be presumed to be fundamentally quan- 
tum mechanical. A quantum system behaves classically 
when the probabilities implied by the quantum state are 
high for coarse-grained histories with correlations in time 
governed by deterministic equations of motion. That is 
true whether the system is a tennis ball in flight or the 
evolving universe as a whole. 

The form of the emergent deterministic equations of 
motion may be only distantly related to the equations 
defining the underlying quantum theory. In particular 
the parameters occurring in the effective equations may 
not be the same as those in the equations of the under- 
lying theory. In this paper we show that in a natural 
formulation of quantum cosmology fundamental theories 
with a negative cosmological constant may lead to clas- 
sical equations of motion with a positive effective cosmo- 
logical constant consistent with the observed accelerated 
expansion ;lj. A more detailed and more general exposi- 
tion of this work is in [2J. 

Classical Prediction in Quantum Cosmology. A 

quantum state of a closed universe is represented by a 
wave function on the superspace of three-geometries 
and matter fields on a closed spacelike surface E. We 
consider a minisuperspace model with a negative cos- 
mological constant A and a single scalar matter field 
4> with potential V = (l/2)m 2 </> 2 . We take m 2 to be 
negative but within the Breitenlohner-Freedman (BF) 
range m 2 BF < m 2 < 0, where m 2 BF = — 9/(A£ 2 ) with 
l/£ 2 = —A/3. The geometries are restricted to be spa- 
tially homogeneous, isotropic and closed. The spatial 
geometries on a three-sphere can then be characterized 
by a scale factor b and a value x °f the homogeneous field 
(j), rescaled from its usual value by a factor yf (4tt/3) to 
simplify subsequent equations. Three metrics describing 



possible three geometries are given by 
dS 2 = b 2 dfll 



(1) 



A four-geometry is described by a one-parameter se- 
quence of such scale factors. Cosmological wave functions 
are functions of b and X : ^ = ^(b, x)- 

An ensemble of classical histories is predicted when 
the wave function is well approximated by a semiclassical 
form (or a sum of such forms) 



*(b )X ) = A(b, X )exp(iS{b )X )/h) 



(2) 



where S varies rapidly compared to A. The classical 
histories are the integral curves of S, that is the solution 
to the Hamilton-Jacobi relations p — VS relating the 
momenta involving time derivatives of the variables to 
the derivatives of S. The probability of a classical history 
passing through (b, X ) is proportional to \A(b, x)\ 2 ■ 

Asymptotic Structure of the Wheeler-DeWitt 
Equation. Cosmological wave functions must satisfy 
the operator forms of the constraints of general relativity. 
The three momentum constraints are satisfied automat- 
ically as a consequence of the symmetries of this simple 
model. The operator form of the remaining Hamiltonian 
constraint is the Wheeler-DeWitt equation (WD WE). 
With the simplest operator ordering this is 



h z d 2 



h 2 d 2 



r\ 2 db 2 rfb 2 dx 2 



m 2 x 2 b 4 I * = 



where rj = 3tt/2. Defining I by 

¥(&,*) = exp[-rjI(b )X )/K\ 



(3) 



(4) 



the WDWE becomes a non-linear equation for /. In cer- 
tain regions of superspace the terms that explicitly in- 
volve h may be negligible compared to those that don't. 
When this semiclassicality condition is satisfied 



1 fdl 
V [dx 
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which is independent of ft. Substituting a solution of ([5]) 
into Q gives a leading order in h semiclassical approxi- 
mation to the wave function. 

The semiclassicality condition is satisfied for suffi- 
ciently large b provided A ^ 0. This can be established 
self consistently by assuming it holds, solving ^ for large 
b and checking that the neglected h terms in the WD WE 
are negligible [2] ■ Asymptotically in b sufficiently general 
solutions to the Hamilton- Jacobi equation ^ are defined 
by the expansion 

I(b, x) = jb a + k 2 b 2 + f -k,b + k_b x - + k + ■ ■ ■ (6) 

where the k's are all functions of X an d A± = (3/2)(l ± 
a/1 +4£ 2 m 2 /9). Substituting this in ^ yields the fol- 
lowing equations that determine the leading coefficient 
functions, 

- 9k 2 3 + (fc.y 2 + 1 - £ 2 m V = 0, (7a) 
- 6k 3 k 2 + k' 3 k' 2 = 0, (7b) 
- 3fc 3 fc! + k' 3 k[ - Ak 2 2 + (k' 2 f + 1 = 0, (7c) 
- 3A_fc 3 fc- + k' 3 k'_ = 0, (7d) 

{2/£)k' k' 3 + k' 2 k[ - 2k 2 h = 0, (7e) 

a prime denoting the derivative with respect to x- 

The first three of these equations are a closed set for 
the first three coefficients in Were there no field 

they would have the unique solution k 3 = 1/3, k 2 = 0, 
and fci = 1. We use these values as boundary conditions 
to fix a unique solution for the leading terms at small 
X of the first three coefficients. The small x behavior of 
these terms is therefore universal — the same for all wave 
functions satisfying the WDWE. By contrast, the large 
X behavior as well as the remaining terms in ^ depend 
on the specific wave function. 

From ([6| it follows that the semiclassicality condition 
holds at large b as assumed, and that the general solution 
^(b, x) of the WDWE has the asymptotic form 

A+ exp[- v I(b, x )/h] + A- exp[+r ? /(6 ! X )/%] (8) 

for arbitrary constants A±. 

Any solution of |5]) with a sufficient number of arbi- 
trary constants will determine a class of solutions to the 
equations of motion of general form. Specifically, suffi- 
ciently general solutions of the Hamilton- Jacobi equation 
([5]) imply general first integrals of the Einstein equations. 
Hence the expansion ^ encodes the Fefferman-Graham 
(FG) asymptotic expansion of solutions to the Einstein 
equations with a negative cosmological constant [3] ■ The 



universal behavior at small x of the first three terms in 
^ corresponds to the universal terms in the FG expan- 
sion. 

Two Real Domains. To find the ensemble of clas- 
sical histories predicted by Q we search for domains 
of asymptotic superspace that correspond to real three- 
geometries and field configurations where the wave func- 
tion is a sum of semiclassical terms like ([2]), with S vary- 
ing rapidly compared to A. There are two domains repre- 
senting real three geometries corresponding to real values 
of b and purely imaginary values b = ib,b real. The three- 
metrics in the two domains have opposite signatures, but 
signature is not an observable property of a metric. We 
take the classical ensemble to consist of the classical his- 
tories from both real domains. This is a generalization of 
the usual framework for quantum cosmology, but a nat- 
ural one, and motivated by holography as we will shortly 
describe. 

A Model Classical Ensemble. To exhibit the ex- 
panding histories explicitly we first restrict to the region 
of superspace where X is small so the field can be treated 
perturbatively. The small X solutions of ^ for the first 
three, universal terms in ([6| are [5]: 

h = \ + \\-x\ fc 2 = o, k 1 = i + ^ x 2 - (9) 

The leading non-universal coefficients are given by 

fc_ = K X , k = J (10) 

where K and J are complex constants (independent of 
x). They are are not determined by the Hamilton- Jacobi 
equation but depend on the specific wave function. The 
relative probabilities of the predicted classical histories 
therefore depend on them 0]. 

Since k 3 in ([9| is real no classical histories are pre- 
dicted for the domain where b is real because there / is 
approximately real and there is no imaginary part that 
varies rapidly. However, in the domain where b = ib the 
wave function ^ will be a sum of potentially semiclas- 
sical forms ([2| with S = r/S, S = — Iml, and the leading 
order asymptotic behavior 

^,X) = ^ + ^A_ X 2 & 3 + --- (11) 

which varies rapidly for large b so that the wave function 
predicts an ensemble of classical histories. 

The Lorentzian histories that comprise the classical en- 
semble are the integral curves of S. The S above is, in 
fact the action of a homogeneous and isotropic, asymp- 
totically de Sitter history with A = 3/£ 2 , perturbed by a 
scalar field moving in a quadratic potential with positive 
mass —to 2 . 

The ensemble of asymptotic classical histories can be 
obtained explicitly by solving the Hamilton-Jacobi equa- 
tions connecting the momenta to the gradients of S and 
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defining the integral curves. For this simple model these 
equations are 



db _ 1 dS d X _ _ 1 OS 
dt ~ i as ' It ~~ b 3 d X 



(12) 



Substituting ^ and (10 1 in Q we find for the asymp- 
totic scale factor, with u = exp(—t/£), 



u 4a z 
and for the asymptotic scalar field [TU] 

X(t) = au x - + f3u x + + ■ 



(13) 



(14) 



where a is an integration constant of the first order equa- 
tion for x in (PJl and /3 = -lm(i x - K)/{\+ - A_). Eqs 



(131 and (14) describe an ensemble of asymptotic deSit- 



ter spaces perturbed by a homogeneous decaying scalar 
field 0. 

As I approaches zero the values of b for which the 
asymptotic expansion ([6| holds become larger and larger. 
If the cosmological constant vanishes then there can still 
be classical histories (e.g. [I]) but their existence and 
character depends on the specific form of the theory and 
the wave function. If there is no matter then there are 
no classical histories when A = 0. 

Slow Roll Inflation. Beyond the perturbative 
regime, there is a solution of ^ which at large x be- 
haves as 



k 3 (x) 



£m 



X, k 2 = 0, fci « 1/lmx (15) 



and at small x tends to (|9| . This solution for fc 3 is shown 
in Fig [T] The leading contribution to the asymptotic 
action in the large x regime is then 



S(b,x) 



mxb 3 



(16) 



which is characteristic of cosmologies undergoing slow roll 
scalar field inflation [H [5] . Indeed the leading order solu- 
tions of (12 1 derived from (16) exhibit the familiar slow 
roll behavior, x(t) = x(0) — mt/3. 

This shows that the presence of a regime of classical 
slow roll inflation can be deduced from the semiclassi- 
cal asymptotic form of the wave function representing 
a quantum state. That could be useful in a holographic 
study of which quantum states predict slow roll inflation. 

Holography. The Euclidean AdS/CFT correspon- 
dence provides a promising route towards a more precise 
formulation of wave functions in gravitational theories 
with a negative cosmological constant 01!]. In particular 
it provides a novel way to compute the relative amplitude 
of different configurations in the large volume regime. It 
is therefore interesting to understand our results in this 
context. 




FIG. 1: A solution of ([7a| for the leading, universal coefficient 
function k$ that specifies the asymptotic wave function. The 
approximately linear behavior for large x IS characteristic of 
field driven, slow roll inflation. 



The duality makes a distinction between the univer- 
sal contributions to the asymptotic wave function, which 
grow as a function of the scale factor [TT], and the non- 
universal terms that provide a finite contribution and 
govern the relative weight of different configurations. The 
duality conjectures that the latter are related to the par- 
tition function Z of a dual Euclidean field theory defined 
on the conformal boundary. 

In the perturbative solution of the minisuperspace 
model given above the universal terms are given in ^ 
and the non-universal terms in (10). In a regime where 



the low energy gravity approximation can be trusted the 
duality then states that, to leading order in h and at large 
volume, 



Z[x] = exp(-ri(Kx + J)/U) 
where Z is defined by 



(exp 



QFT 



(17) 



(18) 



with O the dual operator that couples to the source x = 
b x ~x induced by the bulk scalar. Differentiation of Z 
with respect to x yields (O) which provides an alternative 
way to calculate K in (17). 



The bulk scalar enters as an external source in the 
dual field theory that turns on a deformation. In field 
theory applications of AdS / CFT the value of x is usually 
held fixed. By contrast, in a cosmological context one 
is interested in the wave function of the universe as a 
function of xi t ne dependence of Z on the value of x. 
yields a measure on different configurations on S [S]. 

Hence in cosmology one is led to consider all defor- 
mations induced by a given quantum state that corre- 
spond to real boundary configurations and for which the 
partition function converges. In the simple model dis- 
cussed here this means one should consider purely real 
deformations, corresponding to real values of b, as well 
as deformations for which x has the phase exp[iA_7r/2]. 
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Together these generate the two real domains of asymp- 
totic superspace discussed earlier. 

In a dual formulation of the wave function, the differ- 
ence between both domains thus shows up in the phase 
of the scalar deformation. Since the phase of x i n general 
has an effect on the partition function this means that 
the asymptotic wave function will be a slightly different 
function of x m both domains. We illustrated this with 
the example of the no-boundary wave function in [2J. 

Discussion. Accelerated expansion in a theory with 
a negative cosmological constant is surprising from the 
perspective of theories which posit a fixed background 
spacetime as a classical arena for quantum physics. But 
in a quantum universe there is no general reason to as- 
sume that some degrees of freedom behave classically 
and others quantum mechanically. Instead both back- 
grounds and fluctuations should be treated quantum me- 
chanically, as we do here. In a fully quantum theory of 
cosmology the probabilities for histories following from 
a quantum state determine what behaves classically and 
what does not. Furthermore the form of the resulting 
classical equations is given by the quantum state and 
not by assumption. 

This paper has used a natural framework for the pre- 
diction of probabilities of classical histories to show (in 
a simple model) that accelerated expansion can be a low 
energy prediction of quantum theories with a negative 
cosmological constant. Specifically we have shown that, 
in models with a non-zero cosmological constant, wave 
functions satisfying the constraints of general relativity 
have a universal semiclassical asymptotic structure for 
large spatial volumes. This asymptotic structure implies 
that a wave function in a gravitational theory with a 
negative cosmological constant describes both a set of 
asymptotically Euclidean AdS histories as well as an en- 
semble of histories which expand, driven by a positive 
effective cosmological constant. The relative probabil- 
ities of different histories depend on the specific wave 
function. The generalization of these results to include 
inhomogeneities is described in [5J. 

Our results do not arise from analytically continuing 
the parameters of a background from one theory to an- 
other. Rather we have one theory which predicts an en- 
semble of possible backgrounds, not just one. We exploit 
the analytic properties of wave functions that solve the 
WDWE equation to generalize the process of classical 
prediction in one theory with a single set of parameters. 

Prospects. One may ask how the models discussed 
in this paper can be embedded in fundamental theory. 
Examples of models to which our results apply are given 
by the consistent truncations of the low energy limit of M 
theory compactified on S involving only AdS gravity and 
one or several scalars with negative mass m 2 = —2/£ 2 . 
The scalar potential in these truncations acts as a pos- 



itive effective potential in the 'cosmological' domain of 
the theory, and the WDWE has solutions that predict 
an ensemble of classical universes with an epoch of scalar 
field driven inflation. 

However, the predicted inflationary histories are likely 
to be unstable when viewed as low-energy solutions in 
the full theory, especially towards the end of the slow 
roll regime. This is because this also contains scalars 
with a positive potential around the AdS vacuum. These 
give rise to instabilities in the cosmological region where 
they have negative effective mass. The requirement of a 
(meta)stable de Sitter era at late times may thus act as 
a vacuum selection principle that excludes this class of 
compactifications and picks out a different set. 

Alternatively one might speculate that the above in- 
stability, which appears to be rather generic in Freund- 
Rubin compactifications, can be incorporated in a theory 
of reheating in a scenario akin to hybrid inflation, where 
one vacuum decays at the end of inflation to a vacuum 
with a lower cosmological constant. A complete descrip- 
tion of cosmology would then require a model which de- 
scribes both the unstable early phase of accelerated ex- 
pansion and the stable de Sitter phase at late times. 
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Replacing A_ by A+ in the first equation of Q also gives 
a perturbative solution but a numerical integration of the 
non-linear eq (7a I shows that Q is the generic one. 
When A_ < 1/2 there is an additional universal term 
(-3a/8)u 2+A -. 

In field theory applications of AdS/CFT these are treated 
as UV divergences and cancelled by counterterms. 



